Review of number systems by Arcozzi, Nicola
NATURAL, INTEGER, RATIONAL, REAL NUMBERS
The set of the natural numbers is
N= {0, 1, 2,
 , n, n+1,
 }.
There are two main operatioons defined on N: sum (+) and multiplication (·). We also have an order relation
6 , which can be defined in terms of +:
∀m,n∈N:m6n⇔∃h∈N:m+h=n.
The basic properties of operations and relation are:
• (S0) ∀x, y ∈N:x+ y ∈N (the operation is well defined).
• (S1) ∀x, y, z ∈N: (x+ y)+ z= x+(y+ z) (associative property).
• (S2) ∀x, y ∈N:x+ y= y+x (commutative property).
• (S3) ∃0∈N∀x∈N:x+0=0+ x=x (neutral element).
• (P0) ∀x, y ∈N: xy ∈N (the operation is well defined).
• (P1) ∀x, y, z ∈N: (xy)z=x(yz) (associative property).
• (P2) ∀x, y ∈N: xy= yx (commutative property).
• (P3) ∃1∈N∀x∈N:x1= 1x= x (neutral element).
• (SP) x(y+ z)= xy+ xz.
• (O1) ∀x, y, z ∈N:x6 y and y6 z⇒x6 z (transitive property).
• (O2) ∀x, y ∈N:x6 y and y6 y⇒x= y (antiymmetric property).
• (O3) ∀x∈N:x6 x (reflexive property).
• (O4) ∀x, y ∈N:x6 y or y6x (comparability property).
• (OS) ∀x, y, z ∈N:x6 y⇔x+ z6 y+ z (order and sum).
• (OP) ∀x, y, h∈Nwithh> 0:x6 y⇔xh6 yh (order and product).
In addition to these properties we are going to meet for other number systems, there are some properties
which are specific to N.
• (N1) ∀n∈N:n+1 0 (0 is the first element in N).
• (N2) ∀m,n∈N:m<n6m+1⇒n=m+1 (N is a discrete set).
The inverse operations of + (subtraction) and · (division) are not weel defined in N. There is no n∈N s.t.
n+3=2 and there is no m∈N s.t. 2 ·n=3.
However, there is an interesting and useful division with remainder in N.
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For all n,m∈Nwithm 0 there is exactly one value for q ∈N and one for r ∈N such that:
1. n=mq+ r;
2. 06 r <m.
We say that n is the dividend , m is the divisor , q is the quotient , and r is the remainder . If r = 0, then
n=mq is divisible by m.
To overcome the lack of an inverse operation for + we extend N to the (relative) integers Z.
Z= {0, 1,−1, 2,−2,
 , n,−n,
 }.
We have N⊆Z.
The sum is such that 3+ (−5)=−2. Subtraction is defined as m−n=m+(−n).
We single out the properties of (Z,+). The new one is (S4).
• (S0) ∀x, y ∈Z:x+ y ∈Z (the operation is well defined).
• (S1) ∀x, y, z ∈Z: (x+ y)+ z= x+(y+ z) (associative property).
• (S2) ∀x, y ∈Z:x+ y= y+ x (commutative property).
• (S3) ∃0∈Z∀x∈Z:x+0=0+ x=x (neutral element).
• (S4) ∀x∈Z∃x′=−x∈Z:x+(−x)= (−x) +x=0 (inverse element).
They can be summarized by saying that (Z,+) is a commutative group. Group refers to the properties except
commutativity (S2), which makes the group, in fact, commutative.
All other properties (P0)-(OP) hold. Also, (N2) continues to hold, but (N1) does not.
Next, we take care of the problem of multiplications in the integers, introducing the rational numbers Q.
An element of Q is a fraction of the form
m
n
, with m,n∈Z, n 0. We identify fractions as follows:
∀m,n 0, j , k  0∈Z:
m
n
=
j
k
⇔mk=nj.
We have N⊆Z⊆Q, where we identify n=
n
1
.
Sum and product are defined the usual way:
∀m,n 0, j , k  0∈Z:
m
n
+
j
k
=
mk+nj
nk
and⇔
m
n
·
j
k
=
mj
nk
.
A rational number h is positive if and only if there is a fraction h=
m
n
with m,n> 0. Given p, q ∈Q, we say
that p6 q iff there exists h>0 inQ such that p+h= q. With these definitions, of (Q,+, ·) has the properties:
• (S0) ∀x, y ∈Q:x+ y ∈Q (the operation is well defined).
• (S1) ∀x, y, z ∈Q: (x+ y) + z=x+(y+ z) (associative property).
• (S2) ∀x, y ∈Q:x+ y= y+ x (commutative property).
• (S3) ∃0∈Q∀x∈Q:x+0=0+ x= x (neutral element).
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• (S4) ∀x∈Q∃x′=−x∈Q:x+(−x) = (−x)+ x=0 (inverse element).
• (P0) ∀x, y ∈Q:xy ∈Q (the operation is well defined).
• (P1) ∀x, y, z ∈Q: (xy)z= x(yz) (associative property).
• (P2) ∀x, y ∈Q:xy= yx (commutative property).
• (P3) ∃1∈Q∀x∈Q: x1=1x=x (neutral element).
• (P4) ∀x∈Q \ {0}∃x′= x−1∈Q: xx−1=x−1x=1 (inverse element).
• (SP) ∀x, y, z ∈Q:x(y+ z)= xy+ xz.
These properties can be summarized by saying that (Q,+, ·) is a field .
Taking into account 6, we also have the following properties for (Q,+, ·,6).
• (O1) ∀x, y, z ∈Q:x6 y and y6 z⇒x6 z (transitive property).
• (O2) ∀x, y ∈Q:x6 y and y6 y⇒ x= y (antiymmetric property).
• (O3) ∀x∈Q:x6 x (reflexive property).
• (O4) ∀x, y ∈Q:x6 y or y6 x (comparability property).
• (OS) ∀x, y, z ∈Q:x6 y⇔x+ z6 y+ z (order and sum).
• (OP) ∀x, y, h∈Qwithh> 0:x6 y⇔xh6 yh (order and product).
The set of the properties we have seen so far says that (Q,+, ·,6) is an ordered field .
Properties (N1) and (N2) do not hold anymore. In fact, Q is dense:
(D) ∀x, y ∈Q:x< y⇒∃z ∈Qwithx<z < y.
Pick, for instance, z=
x+ y
2
, the midpoint of the interval in Q joining x and y.
A problem with rational numbers is that some equations we would like to solve have no solution in Q.
Theorem. The equation x2=2 has no solution x∈Q.
Proof. Suppose x∈Q is a solution. Since x2=(−x)2,we can assume that x> 0. Let x=
m
n
with m,n∈N,
n 0 m. Then
2= x2=
(
m
n
)
2
=
m2
n2
i.e.m2=2n2.
Suppose m=2a(2c+1) has a∈N factors 2 in its prime number decomposition. Then m2 has an even number
2a of factors. On the other hand, n2 has an even number 2b of factors 2 as well, then 2n2 has 2b+1, an odd
number, of them. But 2n2=m2, hence, 2a=2b+1, which is absurd.
We introduce a new number system in which this, as well as many other equations have solutions. This is
the field R of the real numbers : N⊆Z⊆Q⊆R. Like Q, it satisfies the properties of an ordered field:
• (S0) ∀x, y ∈R:x+ y ∈R (the operation is well defined).
• (S1) ∀x, y, z ∈R: (x+ y)+ z= x+(y+ z) (associative property).
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• (S2) ∀x, y ∈R:x+ y= y+ x (commutative property).
• (S3) ∃0∈R∀x∈R:x+0=0+ x= x (neutral element).
• (S4) ∀x∈R∃x′=−x∈R:x+(−x) = (−x)+ x=0 (inverse element).
• (P0) ∀x, y ∈R:xy ∈R (the operation is well defined).
• (P1) ∀x, y, z ∈R: (xy)z= x(yz) (associative property).
• (P2) ∀x, y ∈R:xy= yx (commutative property).
• (P3) ∃1∈R∀x∈R:x1=1x=x (neutral element).
• (P4) ∀x∈R \ {0}∃x′= x−1∈R:xx−1=x−1x=1 (inverse element).
• (SP) x(y+ z)= xy+ xz.
• (O1) ∀x, y, z ∈R:x6 y and y6 z⇒x6 z (transitive property).
• (O2) ∀x, y ∈R:x6 y and y6 y⇒x= y (antiymmetric property).
• (O3) ∀x∈R:x6 x (reflexive property).
• (O4) ∀x, y ∈R:x6 y or y6 x (comparability property).
• (OS) ∀x, y, z ∈R:x6 y⇔x+ z6 y+ z (order and sum).
• (OP) ∀x, y, h∈Rwithh> 0:x6 y⇔xh6 yh (order and product).
In addition to those, it satisfies a completeness property . We need some terminology before stating it.
Let A ⊆R be a set. A majorant of A is an element α ∈R s.t. ∀x ∈ A: x 6 α. The set A is bounded from
above if it has at least one majorant.
Suppose A is bounded from above. α∈R is the maximum of A, α=MaxA, if
i. α is a majorant of A;
ii. α∈A.
Not all subsets which are bounded above have maxima. α∈R is the supremum of A, α= supA, if
i. α is a majorant of A;
ii. ∀β ∈R: if β is amajorant of A then β>α.
The completeness property characterizing R is as follows.
• (C) ∀A⊆R: if A is bounded from above, then ∃ supA∈R.
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